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in , Erickcek, Kamionkowski and Carroll proposed in 2008 that the hemi- 

t/^ I spherical asymmetry of the CMB could be due to a very large scale 

' perturbation of the field (p causing the primordial curvature perturba- 

^^_^ . tion. We repeat their calculation using weaker assumptions and the 

^ I current data. If <j) is the inflaton of any single-field inflation with the 

^^ ■ attractor behaviour, the asymmetry is too small. If instead <f) is any 

^^ . curvaton-type field (ie. one with the canonical kinetic term and a negli- 

,__( I gible effect during inflation) the asymmetry can agree with observation 

.^ ■ if |/nl| in the equilateral configuration is ~ 10 for k~^ = 1 Gpc and < 3 

O ' for k~^ = 1 Mpc. An /nl with these properties can apparently be ob- 

^^ I tained from the curvaton with an axionic potential. Within any specific 

. . ' curvaton-type model, the function /nl(^1; ^2, ^3) required to generate 

.5^ ■ the asymmetry would be determined, and could perhaps already be 

^ ! confirmed or ruled out using existing Planck or WMAP data. 
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1 Introduction 

In 1978 Grishchuk and Zel'dovich investigated the effect of a very large-scale 
enhancement of the spectrum of the primordial curvature perturbation, upon 
the CMB anisotropy [1]. Within the observable universe the enhancement is 
expected to give an approximately linear function of position, but the linear 
component has no effect upon the observed CMB anisotropy. The leading 
observable effect is expected to come from the component that is a quadratic 
function of position; it gives an enhancement to the CMB quadrupole, called 
the Grishchuk-Zel'dovich effect, which is not observed leading to an upper 
bound on the magnitude of the quadratic component. 

According to present thinking the primordial density perturbation comes 
from the perturbation of some field 0, which is generated from the vacuum 



fluctuation during inflation^ We are therefore talking about a very large 
scale contribution to the spectrum of 0. This will generate a contribution to 
the spectrum of the curvature perturbation, giving the GZ effect, but it will 
also generate a very large scale contribution (50l(x) to (p. As was pointed 
out by Erickcek, Kamionkowski and Carroll (EKC) in 2008 [2], the linear 
component of 5(j)i^ can have two potentially observable effects. One, that I will 
call the EKC effect is to generate statistical inhomogeneity in C, within the 
observable universe which in turn will generate a hemispherical asymmetry of 
the CMB anisotropy. There is now convincing evidence for this asymmetry on 
large scales (Sj H]. The other is a new contribution to the GZ effect, which is 
proportional to the generated asymmetry. Barring a cancellation, the upper 
bound on the GZ effect implies, within a given model for the generation of C, 
an upper bound on the asymmetry. 

EKC looked at two possibilities for 0; that it is the infiaton of slow-roll 
inflation or that it is the curvaton [5] with a quadratic potential. In this paper 
we allow (j) to be either the infiaton of any single-field model of inflation with 
the attractor behaviour [H], or any curvaton- type field. The latter could be the 
curvaton with a generic potential or more generally any field with the canonical 
kinetic term which has a negligible effect during inflation. 

2 Asymmetry from anisotropy 

The CMB exhibits statistical anisotropy on large angular scales A0 > 1/60 
corresponding to multipoles with d. < 60. The data are consistent with a 
hemispherical asymmetry of a statistically isotropic quantity ATiso:[3lll] 

AT(n) = (l + Ap-n)ATiso(n), (1) 

where the unit vector fi is the direction in the sky, the unit vector p is the 
hemispherical direction and \A\ = 0.07 ± 0.02o 'Statistically isotropic' means 
that the correlators of ATjso within a disk on the sky are independent of the 
location of that disc. 

The dominant contribution (at least) to AT comes from the primordial 
curvature perturbation (, and we assume that the asymmetry of AT comes 
from statistical inhomogeneity of ( within the observable universe. Since AT 
depends mostly on conditions at the last scattering surface at distance xi^ = 
14 Gpc we need 

Ck(x) = (1 + A{k)p ■ x/xis + ■ ■ ■) ak, (2) 



^The perturbations of two or more fields might be involved but we do not consider that 
possibility. 

^On a given scale we can make A positive by the choice of p, but we want to allow for 
a possible change in sign of A going from large to small scales, and to allow the simplest 
presentation of the calculation we will not demand that A is positive on large scales. 



where (h is the statistically homogeneous and isotropic perturbation that gen- 
erates ATiso(n)- The spectrum of Ck(x) is given by 

r'/'ik, x) = (1 + A{k)p ■ x/xi, + ■ ■ ■) Vli\k), (3) 

where V^hik) is the spectrum of C/i- The dots in Eqs. ([2]) and ([3]) indicate 
contributions of higher order in x, that must be smaller than the linear term 
for X < X\s. An equivalent definition oi oi A{k) is 

M ^ \vvl'\kM 

a^is Vl'^{k,Q) 

CMB multipoles of order d. probe k ~ ^/xis and for k~^ in the range xis/60 to 
Xis, and we need |A(A;)| = 0.07 ±0.02. On the much smaller scale k~^ ~ 1 Mpc 
the distribution of distant quasars requires |A(/i;)| < 0.015 (99% confidence 
level) [7]. Therefore, if the hemispherical asymmetry of AT is generated by 
the hemispherical asymmetry of C, we should write instead of Eq. ([1]) 

Ar(n) = (1 + A{k)i> ■ n) ATi3o(n), (5) 

the expression applying for multipoles i ~ xisk or equivalently angular scales 
A^ ~ {xi^k)-\ 

Before continuing, we need to be precise about the meaning of Eqs. (|2]) and 
([3]). Statistically homogeneous cosmological perturbations should be described 
using a finite box [8]. Correlators are defined as spatial averages within the 
box so that for example (Ch(y)Ch(x + y)) is the average over y. From now on 
we assume statistical isotropy which means that the correlators are invariant 
under rotations. Cosmic variance is the mean square difference, between the 
correlator and what can actually be observed. 

Within the box one uses a Fourier series that is approximated as a Fourier 
integral. The region of interest should fit comfortably into the box so that 
physically significant wavenumbers satisfy kL ^ 1 where L is the box size. 
For a generic perturbation 

g^ = Jgi^)e~^''--£x. (6) 

The spectrum is defined by 

(^k^k') = i2nf6'ik + k')iky2n')Vgik), (7) 

and the bispectrum by 

(^ki^k2^k3) = {27c'^)S\ki + k2 + k^)Bg{ki, k2, ks). (8) 

In [8] it is proposed that the box size for cosmology should usually be the 
smallest one that comfortably contains the observable universe. Demanding 



say one percent accuracy the 'minimal box' size is presumably L ~ lOOxis 
corresponding to ln(L/xis) ~ 5. The use of the minimal box avoids assump- 
tions about inflation long before the observable universe leaves the horizon, 
and minimizes the cosmic variance [8]. 

The minimal box is appropriate when considering a statistically homoge- 
neous perturbation which is the usual situation. In our case, it is appropriate 
for the description of C,h- But to describe the statistically inhomogeneous per- 
turbation Ck(x), one should in a small box centred on x with size much smaller 
than x\s. Within the box, x can be regarded as constant and Ck(x) can be re- 
garded as a statistically homogeneous perturbation with spectrum P^(fc,x). 
The quantity Ck(x) is defined only for 1/k <^ xis which means that it can 
only be used to describe AT on angular scales ^ 1 corresponding to multi- 
poles ^ 1. That is as it should be, because the definition of ATiso given after 
Eq. ([1]) makes sense only on these scales. 

Going to the other extreme, one can assume that the inflated patch around 
us is big enough to allow the use of a big box containing all significant wave- 
lengths of Ck(x) considered as a function of x (equivalently, all significant 
wavelengths of the perturbation (50l(x))). Within such a box, ^ is statistically 
homogeneous, and (50l) = which means that the value of (50l within the 
observable universe comes from cosmic variance. 

In this paper we first recall the generation of C, without statistical inhomo- 
geneity, using a minimal box and focussing on the possibility of scale-dependent 
non-gaussianity /^l^^ (^)- Then we see how to generate the statistically inho- 
mogeneous quantity Ck(x) using a small box. Finally, we consider a big box 
which allows one to treat the total GZ effect and not just the EKC contribution 
to it. 

3 Generating C, without statistical inhomogene- 
ity 

In this section we recall the standard description of C, and its generation from 
the perturbation of some field 0. The description invokes a minimal box, and 
in the presence of statistical inhomogeneity it applies to C,h but we will drop 
the subscript h. 

We begin with the definition of C, which makes no reference to its stochastic 
properties (and therefore invokes no box). The curvature perturbation C, is 
taken to be smooth on some comoving scale Xgmooth that is shorter than any of 
interest (ie. it is taken to only have modes with k < 3;^QQ^i^)|f| Also, C, is defined 
only while the smoothing scale is outside the horizon (xsmooth ^ l/aH). Using 
the comoving threads of spacetime and the slices of constant energy density, ( 



■^To be more precise its gradient is < ^t^nooth- ^^ ^'"^ ^'-'^ really invoking a Fourier 
transform here but use k for ease of presentation. The same device will be used later 
without comment. 



is defined by 



C(x,t) = 5(Ina(x,t)) = ln[a(x,t)] - ln[a(t)], (9) 



where a(x, t) is the scale factor such that a comoving volume element has 
volume oc a^. Here a{t) is the scale factor in the background universe that is 
invoked to define perturbations. 

In the early universe ( may be time- dependent, but if we take the smooth- 
ing scale to be the shortest cosmological scale it has reached some time- 
independent value C(x) at least by the time that the smoothing scale is ap- 
proaching horizon entry. (By 'cosmological scales' we mean those that are 
probed by the CMB anisotropy and galaxy surveys, corresponding e~^^x\s < 
k~^ < xig.) If (f) is the infiaton of single- field inflation, C, already has the fi- 
nal value soon after a;smooth leaves the horizon; in the opposite case that is a 
curvaton-type field the final value is reached only at some epoch after inflation. 

Working now in a box of at least minimal size, and assuming that we live 
at a typical location, observation P, ITO] gives V/ ~ 5 x 10~^ and 



C 

n{k) - 1 ^ 1 dV^/\k) _ 
2 ~ V^^'^ik) d\nk 

The bispectrum of ( is specified by 



0.040 ±0.007. (10) 



r ., , 7 N _ 5 Bt;{ki,k2,k3) 

/nl A;i, k2, k^) = - „.,.',- ^ , 11 

6 Ff^[ki)Ft^[k2) + 2 perms 

where P<^ = {ky27T^)V(;{k), If /nl is independent of fc^ then [H] /nl = 2.7±5.8, 
but the bound is much weaker for generic fcj, roughly |/nl| ^ 100. If |/nl| ^ 1 
it will eventually be detected. 

For the rest of this section we work in a minimal box. Except where stated 
we assume that has the canonical kinetic term after the box leaves the 
horizon. Then (50k is created from the vacuum fluctuation at the epoch of 
horizon exit aH = k. The spectrum is initially Vi^{k) = [H/2'itY. 

The curvature perturbation C(x, t) generated by cj) is given by the non-linear 
5N formula IH 



C(x) = (5(ln a(x,t)) = (5(lna(x, t)/a(ti)) = 5A^((/)(x, ti)). (12) 

The function A^(0(x, ti)) is the number of e-folds of expansion at position x 
between a time ti during inflation after the smoothing scale has left the horizon, 
with has the assigned value, and a time t at which the energy density has a 
fixed value. The field 0(x, ti) is defined on a 'flat' slice of spacetime (one on 
which the scale factor has a fixed value), and C, is independent of the choice of 

The field is written 

0(x,t) = 0o(t) + <^0(x,t). (13) 



Expanding Eq. (IT^ gives 

C(x) = iV'(0o(ti))50(x,ti) + iiV"(0o(ti))(50(x,ti))2. (14) 

Since ( is nearly gaussian, the first term dominates giving 

Vi{k) = N'\Mti)){H{t,)/2nr. (15) 

Including the second term, /nl is given by 



-^fMh, h, ks) = j^j^^ + p^(fc^)p^fe^) + 2perms " ^^'^ 

For our purpose we can set ti = tk where tk is (just after) horizon crossing 
for a scale k which is taken to be the smoothing scale. Then 

Vcik) = N'\Mtk)){H{tk)/27iy, (17) 

and 

f^'r\k) = lN"{Mtk))/N"{Mtk)), (18) 

where /nl"^^ (k) = f^^"^^ {k, fc, k) and the superscript qlocal (quasi-local) means 
that 6(j) is taken to be gaussian at horizon exit so that Bs(f){k, k, k, tk) = 0. (If 
/^L*^^ is independent of k it is called the local contribution.) 

We suppose first that is the inflaton of slow-roll inflation [15j. In this 
case, Ck(^) achieves its final value promptly at t = tk, which means that 

Ck(x) = if(tfc)(<5t)k = -H{tk)5Mtk)/Mtk), (19) 

where 6t is the displacement of the slice of uniform energy density from the 
flat slice on which 6(j) is defined, and the second equality is valid to first order 
in 50k. This gives 

Vdk) = (^) Vs^{k,tk) (20) 

Vs,{k,tk) = (^)'- (21) 

The slow-roll approximation corresponds to conditions on the scalar field po- 
tential, e < 1 and \r]\ < 1 where e = M^{V'/V)^/2 and t] = M^V"/V, and 

0o(tfc) ~ -riMtk)/SH{tk). (22) 

These imply 

?>MlH\tk) ~ V{Utk)). (23) 



These equations make V^i^k) a function of (poitk)- Using k = a{tk)H{tk) 
and the good approximation (i In fc ~ (i In a = Hdt this gives 

n{k) - 1 ^ 1 dVl/\k) 

~ r/(tfc)-3e(tfc). (25) 

Evaluating Eq. ( IT8l) gives 

^/S^^^(fc)^2e(t,)-r/(4). (26) 

Barring a fine-tuned cancellation 

|/t^^^(A;)|~l-n(fc) (27) 

and in any case |/nl"^^ | ^ 1. These expressions assume Bs<j){k,k,k,tk) = 0, 
which is not a good approximation with (f) the infiaton because the first term 
of Eq. flT6|) is also very small. The full /nl IS] still satisfies | /nl | ^ 1 but we 
don't need it. 

Instead of slow-roll inflation one can consider the very general single-field 
inflation paradigm given in [6], that includes the special case of k- inflation 
and within that the special case of DBI inflation. Within this paradigm, the 
epoch tk at which S(f) is created from the vacuum corresponds to Csk = aH 
with Cs 7^ 1, but Cs varies slowly on the Hubble timescale so that we still have 
(iln/c ~ Hdt. Also, Eqs. (fT9|) and ( 120|) still apply. Now comes the crucial 
point. Although Eqs. ( 1^ - (125]) no longer apply, Vc_{}i) is still a function of 
(poitk) which means that n{k) — 1 and /^l^^ (k) are functions of (poitk)- Also, 
barring a cancellation, Eq. (I27|) is still valid. The crucial difference from the 
slow-roll case is that S4> is typically very non-gaussian, making the full /nl 
easily big enough to observe (or to have already observed, constraining the 
model). As we will see though, all we need is Eq. (!27|) . 

Consider now the case that is a a curvaton-type field. In this case one 
expects barring cancellations |/nl"^'^ (^)| ^ 1, which we will assume. (As we will 
see, I/nl"^*^ (^)I ~ 10 is actually required to generate the required asymmetry 
for k~^ ~ Gpc.) Then f^^^"^ is practically equal to the full quantity /nl [IZ| 
and we will identify them. Also, the evolution of 50k after horizon exit is given 
by 

H{t)SMt) = -v"{Mt))SMt) - ^v"'{Mt))mit))\ -■■■ ■ (28) 

If V is quadratic, the evolution is linear and /nl is a constant. We will be 
interested though, in the case that V" is significant leading to a non-trivial 
function /nl- 



4 Calculating ( with the asymmetry 

Now we write 

0(x,t) = 0o(x,t) + (50(x,t) (29) 

0o(x,t) = 0o(t) + '50L(x,t), (30) 

where 50 has k~^ < xis and (50l has k^^ ^ Xis. For the curvature perturbation 
we write 

C(x) = Cs(x) + Cgz(x) (31) 

Cs(x) = iV(0(x,tfc))-iV(0o(x,tfc))^iV'(0o(x,tfc))50(x,tfc) (32) 

Cgz(x) = iV(0o(x,tfc))-iV(</)o(t,)) (33) 

~ N'{Mtk))SM^,h) + ^N"{Mtk)) {SM^,tk)f (34) 

= a7"^^(x,4) + Cif^(x,4). (35) 

Each of the contributions (s and Cgz is independent of tk because they vary 
on different scales and ( itself is independent of tk. As we will see, the first 
term of Eq. (IMl) dominates which means that (50l(x, tfc) oc 1/A^'(0o(^fc)), which 
from Eq. ( ITTj) is proportional to H{tk). Analogously with Eqs. ([3]) and (jlj) we 
write 

50L(x,tfc) = 5(A;)(i7(4)/27r)p-x/a;i, + --- (36) 

{H{tu)/27:)B{k)/x,, = |V(50L(x,tfc))U=o. (37) 

(Remember that tk is a function of k so that either can be used as an argument.) 
The term (qz generates the GZ effect. The contribution Cgz^™'^ does this 
through part of 50l that is quadratic in x (the linear part having x having no 
observable effect). The term Cgz*^ does it through the linear part of 50l, and 
was found for the first time in [2] in the special case of the curvaton with a 
quadratic potentialo Inserting Eq. (136!) we have 

C^f^(x,4) = ^N"{Mtk))B'iHitk)/2nfx^^\^.pY (38) 

= ^f^'r\k)B'V,{k)x-\^-pf. (39) 

We see that Cgz^ i^ time-dependent if f^l^^ (k) depends on k corresponding 
to non-linear evolution of (50k- In that case the quadratic part of Cgz^™'^ must 
have a time- dependent piece which cancels Cgz*"; but that places no restriction 
on the total quadratic part of Cgz^™'^ • 

Using Eqs (2)-(4) of [2j with $ = -(3/5)C, the EKC contribution to the 
quadrupole is given by 

/ I^EKCl \ 

f^'r\k)B'Vdk) = 2.2 X 10"^ (Y^flO^ J ' ^^°^ 



^I thank A. Erickcek for pointing out the absence of this term in an earher version of the 
present paper. 



Barring a cancellation, |af(f"| should be < the observed |a2o| with the polar 
axis along the p direction. That has yet to be extracted from the data, and 
EKC required instead that |af(f^| be less than 3 times the rms value of a^m 
found in |T8] corresponding to |af,f*"| < 1.8 x 10~^. We adopt this bound so 
that 

f^'r\k)V^{k)B^ < 2.2 X 10-^ (41) 

Using Eqs. ( TT7|) and (15^ . this gives 



\f^'r\k)N'iMtk))SM^,h)\ < ^J2.2xl0~^\f^'r\k)\ < 10-\ (42) 

which means that the first term of (gz dominates as advertised. 

The term (^ comes from the perturbation 50, and evaluated in a small box 
centred at position x it gives 

Pc(fc,x) = iV'2(0o(x,tfe))((/J(x,tfc)/27r)2, (43) 

where H{'x,t) = a(x, t)/a(x, t) is the unperturbed quantity within the small 
box. After insertion into Eq. (^, this gives A{k). 

We consider first the case that is the inflaton of slow-roll inflation, or 
the inflaton within the class of models in [6]. Then V(;{k,x.) is a function of 
0o(x, tfc) and using Eq. (p4l) we have 



VV'/\k,0) _ (n{k)-l)Hit,) 
V'/\k,0) 2 0o(4) 



V0(O,tfc). (44) 



C 
Using Eqs. @ and fl37|) this gives 



'^(^) - 1 D-nV 



A{k) = ^-J^BP^'^k), (45) 

and Eqs. (gl]) and ([27]) give 

1^(^)1 ^ lO^Vl - n{k) = 0.002, (46) 

which is too small. 

Now suppose instead that is a curvaton-type field. Since has a negligible 
effect during inflation, if (x, t^) is independent of x and Eq. (H3!) gives 



V'/'ik,^) 



N"{Mtk)) \ ( BH{tk )/2n 



^^'--vwJl^— i^"' 



Pl'\k,0) (47) 



SO that 

Aik) = \hdk)BVl'\k). (48) 

Using Eq. (|4l]), 

|A(A:)|<0.018|/NL(A:)r/^. (49) 



To have |A(A;)| = 0.07 ± 0.02 on the Gpc scale we need |/nl(^)| > 8 on that 
scale. A tight observational bound on /nl(^) could be obtained using a shape 
for /nlI^i, ^2, ^3) derived within a specific curvaton-type model (see [HI [19] for 
the curvaton) but with current data it is unlikely to be tighter than the result 
|/nl| ~ 10 that holds if /nl is a constant. We conclude that the linear GZ 
effect can account for the CMB asymmetry if ( is generated by a curvaton-type 
field. 



5 The view from a big box 

In this section we work in a box big enough to enclose all significant wave- 
lengths of (50L- The view from such a box is of interest in its own right, but 
our main purpose is to see whether the total GZ contribution to the quadrupole 
might be bigger than the EKC contribution, which would tighten the bound 
on A{k). 

We write the curvature perturbation as 

3 

C(x) = Clmcar(x) + -/NL(A;i)ClLar(x) (50) 

Clmcar(x) = Ar'(0o(ti)) (50(x, ti) + 50l(x, tl)) , (51) 

where /nl(^i) is defined by Eq. (ITS]) . We take ti as the epoch of horizon exit 
for the scale fcf ^ = 1 Gpc and demand |/nl(^i)| ^ 10 so that a curvaton-type 
model can generate the asymmetry. 

Within the box, ( is statistically homogeneous. For the CMB multipoles, 

POD 

C,^{a',J=An T^ik)Vdk)dk/k, (52) 

Jo 

where T£{k) is ~ 1 for k^^ ~ xig and close to 1 for k^^ ^ xig. 

To obtain an expression for {B"^) we assume C ~ Cunear corresponding to 

f°° dk 

IfMhm') = \fNL{h)\ j ^Pc(fc)«i- (53) 

That is not a very strong assumption because we anyway require (C^) < 1. (A 
bigger value would correspond to a strong distortion of the geometry, so that 
X would no longer corresponded to a distance [20], invalidating the definition 
of ( in terms of the perturbation of the scale factor of the universe.) With this 
assumption, P^(A;) = N'^Vs4>{k) for k > x{^^, and P^(A;) = N'^Vs^^ik) for k 
less than some /cl <^ Xig. 

Multiplying both sides of Eq. f l37|) by A^', squaring them gives 

1"°° dk 
Vdh){B')=j^ -{x,^kfVdk). (54) 



We will assume, as usual, that our location is typical. Then observation 

C 



gives V/ ~5xl0^ for k ^ ^ xig. Also, up to cosmic variance, Eq. ([52 



should be satisfied with (|a^mP) equal to the observed quantities and we should 
have 52 ~ (S2). 

If Vc^ did not increase sharply at A;~^ ^ xis, the contribution from that 
regime to Eqs. f l52|) and f l5^ would be negligible. There would be no GZ effect 
and no EKC effect. We therefore assume that Vc_ does increase sharply, so that 
Eqs. f l5^ and flM]) are dominated by the regime k < k-^. 

The bispectrum of C, within the big box is given by Eqs. f lTT]) and fITB]) 
except that (50 in the second term of Eq. ( !T6|) is now replaced by 50 + (50l. 
That term is presumably far from negligible, because (50l must evolve strongly 
after horizon exit for the scales k < ki,, but it cannot be calculated without 
knowing the potential and kinetic term of (50l. The same applies to higher 
correlators within the big box; ( is presumably very non-gaussian but the size 
and nature of this non-gaussianity is not known. 

The observed asymmetry corresponds to a systematic bias of the observed 
^Im away from Ce, and Eq. fl5^ will ensure that the bias is allowed by the 
cosmic variance of Ci. On the other hand, since the non-gaussianity of ( 
is unknown the cosmic variance cannot actually be calculated. Presumably, 
Eq. flM|) is providing some lower bound on the cosmic variance but it is not 
quite clear how that would come about. An investigation of this issue would 
perhaps be interesting. 

Using the Sachs- Wolfe approximation, the GZ contribution to C2 is 

In the absence of any estimate of cosmic variance, we will just requiring \fC^ 
to be less than three times the observed rms quadrupole, giving 

C^^ = 2.2 X 10-3 / ^{kx,,)^V^{k) < (1.8 X 10-^)1 (56) 

Jo ^ 

Without specifying V<^{k) we have only 

(7GZ I 2 

2.2; 10-3 fe.,.r ■= ^'^^<*''(te5^- <"' 

Then the upper bound on C^^ tells us nothing about B. 

When discussing the GZ effect, it's often assumed that the large-scale con- 
tribution to 'Pi^{k) peaks at some k. Denoting that k by /cl, and using Eq. (15^ 
with B^ = (-B^), we then have 

Vc{k)c:.^^^6{lnk-lnk^). (58) 

The inequality ( !57|) is now saturated and the upper bound ( !56|) gives 

(fcLXis)'i?'Pc(^i)^ (3-8x10-^)'. (59) 



Also, |/nl(A;i)|(0«1 gives 

|/NL(A;i)|5'Pc(^i)«(a^is^L)'. (60) 

Taking both of the inequahties to be simply <, the weakest bound on B^ is 
obtained for xis/cl = 2 x lO^'^lf^hiki)]^^'^ which gives 

B^Vcih)^/\f^\<AxlO-\ (61) 

This is a bit weaker than than Eq. (HTj) . but reducing xiski^ by a factor of 
10 gives B'^Vc_{ki) < 10~^ which makes A{ki) much too small. The same 
is true if we increase it by that factor, though this might be regarded as 
incompatible with xis^l ^ 1. Therefore, a peaked large-scale Vc^ik) allows 
sufficient hemispherical anisotropy only if the peak is at A; ~ 10~^xis. 

Instead of a strong peaking one might assume a fiat plateau: the large- 
scale contribution to Vc_{k) is constant for iV^^ln/cL < Infc < Iu/cl and zero 
elsewhere. (That might happen if the large-scale contribution is generated 
at the beginning of nearly-exponential inflation that started N^ e-folds be- 
fore /cl left the horizon.) Repeating the previous analysis one then finds that 
Eq. ( 159|) is loosened by a factor 2 while Eq. ( 160|) is tightened by a factor 
1/2Nl. The weakest bound is now for xis/cl = 3 x 10~^(|/nl|-^l)^''^ which 
gives B^V^{ki)y/hU^ < 4 X 10-^ With |/nl(A;i)| ~ 10, we need A^^ < 10 to 
generate the asymmetry. As before, a value of xiskj, much below 10"^ is not 
allowed. 

These results may be of interest within a specific mechanism for generating 
the large-scale V(^, but as we have seen there is no general result. The large 
box provides no definite constraint on the curvaton-type model for generating 
the hemispherical anisotropy. 

I close this section by mentioning a different possibility for obtaining a 
spatial variation of the background field 0o(x). Instead of invoking an en- 
hancement of the spectrum Vs(f>{k), we can keep the usual fairly fiat spectrum 
and suppose that we live at a special place within the large box. This possibil- 
ity was considered in detail by Linde and Mukhanov [21], who noticed that it 
could generate hemispherical asymmetry of the CMB. It is not clear how easily 
this scheme could keep the CMB quadrupole small enough, while generating 
the required asymmetry. 

6 Conclusion 

It was disappointing, though hardly a surprise, that the GZ effect was not seen 
when the CMB quadrupole was ffist observed. The hemispherical asymmetry 
of the CMB anisotropy may now be making up for that disappointment, by 
exhibiting the closely related EKC effect. 

Indeed, an alternative explanation for the asymmetry is hard to come by. 
After ruling out various scenarios, [22] mentions only five that might still be 



viable jj These are (i) an asymmetry of n — 1, (ii) the asymmetric isocurvature 
proposal of [23] , (iii) an asymmmetric tensor perturbation, (iv) an asymmetry 
of the optical depth, (v) bubble collisions and (vi) non-trivial topology of the 
Universe. Of these, the first is identical with our version of the EKC effect 
and the second may be in conflict with Planck bounds on the isocurvature 
amplitude. The next two are only partially investigated in [22] and may also 
be in conflict with existing data while the last two have not been tried at all. 

There are two more proposals [25l 126] , not mentioned in [22]. That of [25] 
invokes a contraction of the universe, followed by an inflationary expansion 
with the inflaton. On scales leaving the horizon during the contraction, 
H / H"^ is enhanced which sufficiently enhances A{k). But the enhancement 
applies only to scales k^^ > ("Hq)^^ (their notation) which for their best fit 
corresponds to k~^ > 5.4 Gpc ~ a;is/3. That is outside the required range 
3^is/60 < k~^ <^ xis. (At 3-0" though, they can have l/7/o = a;is/30 which 
might work. (Personal communication from Yun-Song Piao.)) The proposal 
of [26] replaces, during infiation, the usual Riemannian spacetime by what is 
called Randers spacetime. The A{k) appears to be viable, with A oc 1/kU 
These proposals invoke a radical departure from usual infiationary scenario. 

On the assumption that ( is generated by some field 0, we have found that 
the EKC effect cannot generate the observed asymmetry if is the infiaton, 
but that it can do so if is a curvaton-type field. This is perhaps the first 
indication that the latter may be nature's choice. The asymmetry can agree 
with observation if |/nl| in the equilateral configuration is ~ 10 for k~^ = 1 Gpc 
and < 3 for k^^ = 1 Mpc. An /nl with these properties can apparently 
be obtained from the curvaton with an axionic potential [19]. Within any 
specific curvaton-type model, the function f^hiki, ^2, ^s) required to generate 
the asymmetry would be determined, and could perhaps already be confirmed 
or ruled out using existing Planck or WMAP data. 

After the first version of this paper appeared on arXiv.org, two more papers 
considered the EKC effect [23 [2H]- Among other things they invoke two or 
more curvaton-type fields. They do not include the EKC contribution to the 
GZ effect. 
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